For any given n, m ∈ N with m < n, the Johnson graph J(n, m) is defined as the graph whose vertex set is V = {v | v ⊆ [n] = {1, ..., n}, |v| = m}, where two vertices v,w are adjacent if and only if |v∩w| = m−1. A graph G of order n > 2 is panconnected if for every two vertices u and v, there is a u-v path of length l for every integer l with d(u, v) ≤ l ≤ n − 1. A graph G of order n > 2 is Hamilton-connected if for any pair of distinct vertices u and v, there is a Hamilton u-v path, namely, there is a u-v path of length n − 1. It is clear that if G is a panconnected graph then G is a Hamilton-connected graph. In this paper, we show that the Johnson graph J(n, m) is a panconnected graph, which generalizes a result due to Alspach [Brian Alspach, Johnson graphs are Hamilton-connected, Ars Mathematica Contemparnea 6 (2013) 21-23].
Introduction
Johnson graphs arise from the association schemes of the same name. They are defined as follows.
Given n, m ∈ N with m < n, the Johnson graph J(n, m) is defined by: (1) The vertex set is the set of all subsets of [n] = {1, 2, ..., n} with cardinality exactly m.
(2) Two vertices are adjacent if and only if the symmetric difference of the corresponding sets is two.
The Johnson graph J(n, m) is a vertex-transitive graph [7] . It follows from the definition that for m = 1, the Johnson graph J(n, 1) is the complete graph K n . For m = 2 the Johnson graph J(n, 2) is the line graph of the complete graph on n vertices, also known as the triangular graph T (n). If M is a m-subset of the set [n] = {1, ..., n}, then the complementation of subsets M −→ M c induces an isomorphism J(n, m) ∼ = J(n, n − m), hence in the . sequel, we assume without loss of generality that m ≤ n 2 . A graph G of order n > 2 is pancyclic if G contains a cycle of length l for each integer l with 3 ≤ l ≤ n. A graph G of order n > 2 is panconnected if for every two vertices u and v, there is a u-v path of length l for every integer l with d(u, v) ≤ l ≤ n − 1. Note that if a grapg G is panconnected, then G is pancyclic. A graph G of order n > 2 is Hamilton-connected if for any pair of distinct vertices u and v, there is a Hamilton u-v path, namely, there is a u-v path of length n − 1. It is clear that if G is a panconnected graph then G is a Hamilton-connected graph. It is clear that if n > 2, then the graph K n , the complete graph on n vertices, is a panconnected graph, hence if m = 1 then the Johnson graph J(n, m) is a panconnected graph. In this paper, we show that for every n, m, the johnson graph J(n, m) is a panconnected graph.
Preliminaries
In this paper, a graph G = (V, E) is considered as a finite undirected simple graph where V = V (G) is the vertex-set and E = E(G) is the edge-set. For all the terminology and notation not defined here, we follow [2, 4, 5, 7] .
The group of all permutations of a set V is denoted by Sym(V ) or just Sym(n) when |V | = n. A permutation group H on V is a subgroup of Sym(V ). In this case we say that H act on V . If G is a graph with vertex-set V , then we can view each automorphism of Γ as a permutation of V , and so Aut(G) is a permutation group. Let the group Γ acts on V , we say that Γ is transitive (or Γ acts transitively on V ) if there is just one orbit. This means that given any two element u and v of V , there is an element β of Γ such that β(u) = v.
The graph G is called vertex-transitive, if Aut(G) acts transitively on V (G). The action of Aut(G) on V (G) induces an action on E(G), by the rule β{x, y} = {β(x), β(y)}, β ∈ Aut(G), and G is called edge-transitive if this action is transitive.
The square graph G 2 of a graph G, is the graph with vertex set V (G) in which two vertices are adjacent if and only if their distance in G is at most two.
A vertex cut of the graph G is a subset U of V such that the subgraph X − U induced by V − U is either trivial or not connected. The connectivity κ(G) of a nontrivial connected graph G is the minimum cardinality of all vertex cut sets of G. If we denote by δ(G) the minimum degree of G, then
In the sequel, we need the following facts. 
Main results
The Boolean lattice BL n , n ≥ 1, is the graph whose vertex set is the set of all subsets of [n] = {1, 2, ..., n}, where two subsets x and y are adjacent if their symmetric difference has precisely one element. In the graph BL n , the layer L m is the set of m-subsets of [n]. We denote by B(n, m), the subgraph of BL n induced by layers L m and L m+1 . We know that n m = n n−m , so B(n, m) ∼ = B(n, n − m). Therefore, in the sequel we assume that m < n 2 . Hence, we have the following definition. 
It is easy to see that B(3, 1) is C 6 , the cycle of order 6. B(n, m) is a regular graph if and only if n = 2m + 1. We know that every vertex-transitive graph is a regular graph, thus, if n = 2m + 1, then the graph B(n, m) is not a vertextransitive graph. Since m < n 2 , then δ(G) = m + 1. It is clear that the graph G = B(n, m) is a bipartite graph, with V (G) = P 1 ∪ P 2 , where
It follows from Mütze [12] that the graph B (2m + 1, m) , is a Hamiltonian graph [12] . The graph B(n, m), which is defined in [10] for every n, m, has some interesting properties [8, 9, 10, 11] . In the sequel, we need the following facts concerning this class of graphs. Proof. The proof is straightforward (see [10] ).
Lemma 3.4. If G = B(n, m), then G is edge-transitive. Moreover, if n = 2m + 1, then G is vertex-transitive.
Proof. See [10] .
Note that the number of vertices of the graph B(n, m) is, n m + n m+1 = n+1 m+1 , the order of the Johnson graph J(n + 1, m + 1). Let G be the graph B(n, m), we assert that G 2 , the square of the graph G, is in fact the Johnson graph J(n + 1, m + 1).
Theorem 3.5. Let G be the graph B(n, m), then G 2 ∼ = J(n + 1, m + 1).
Proof. We know that the vertex-set of G 2 is the vertex set of G in which two vertices are adjacent if and only if their distance in G is at most two. Noting that the graph G = B(n, m) is a bipartite graph, with V (G) = P 1 ∪P 2 , where
, |v| = m}, we deduce that if v and w are vertices of G such that d(v, w) = 2, then v, w ∈ P 1 or v, w ∈ P 2 . If d(v, w) = 2, and v, w ∈ P 1 , then there is a vertex u ∈ P 2 such that P : v, u, w, is a 2-path in G. In other words, u is a m-subset of [n] such that u ⊂ v and u ⊂ w. Then we must have |v ∩ w| = m.
On the other hand, if d(v, w) = 2, and v, w ∈ P 2 , then there is a vertex u ∈ P 1 such that P : v, u, w, is a 2-path in G. In other words, u is a m-subset of [n] such that v ⊂ u and w ⊂ u. Then we must have |v ∩ w| = m − 1.
We now consider the Johnson graph J(n + 1, m + 1), with the vertex set W = {w | w ⊂ [n + 1] = {1, 2, ..., n, n + 1}, |w| = m + 1}. Let W 1 = {w | w ∈ W, n + 1 / ∈ w} and W 2 = {w | w ∈ W, n + 1 ∈ w}. Note that if w ∈ W 2 , then we have w = u ∪ {n + 1}, for some u ⊂ [n] such that |u| = m. We now define the mapping f : V (G 2 ) → V (J(n + 1, m + 1)) by this rule;
It is an easy task to show that f is a graph isomorphism. Theorem 3.6. Let n, m ∈ N with n ≥ 3, m < n 2 . Then, the Johnson graph J(n + 1, m + 1) is a panconnected graph.
Proof. Note that if m = 1, then J(n, m) = K n , the complete graph on n vertices, which is a panconnected graph. Let G = B(n, m) be the graph which is defined in Definition 3.1. Now, by Lemma 3.3. and Lemma 3.4. G is a connected edge-transitive graph, hence by Theorem 2.1. κ(G) = δ(G). Since δ(G) = m + 1, then G is a 2-connected graph. Therefore, by Theorem 2.2. G 2 is Hamiltonian-connected. Thus, by Theorem 2.3. G 2 is a panconnected graph. Now, since by Theorem 3.5. G 2 ∼ = J(n + 1, m + 1), hence the Johnson graph J(n + 1, m + 1) is a panconnected graph.
Conclusion
In this paper, we have shown that the Johnson graph J(n, m), (n, m > 1) is the square of the graph G = B(n, k), where G is the subgraph of the Boolean lattice BL n which is induced by the family of of m-subsets and (m + 1)subsets of [n] = {1, 2, ..., n}. Then by having this key fact in hand, we have shown that the Johnson graph J(n, m) is a panconnected graph.
